We show that if M is a fibered, orientable 3-manifold, and if π 1 M has 1-relator presentation, then the presentation is induced by a Heegaard splitting of M . A corollary is that, for these manifolds, the rank of π 1 M is equal to the ("restricted") Heegaard genus of M . We also explore the analogy between 1-relator groups and Haken 3-manifolds, showing that every 1-relator group possesses a "1-relator hierarchy".
Conjecture 1.4 B implies that rank equals restricted Heegaard genus for orientable 3-manifolds with 1-relator fundamental groups. In particular, Conjecture 1.4 B implies the Poincaré Conjecture.
Evidence for Conjecture 1.4 A is given by the manifolds in the SnapPea census. There are 4303 examples given there of 1-relator presentations of orientable-3-manifold groups. We have used a computer to verify that all of these presentations are in fact geometric.
Section 2 contains some background material. The proof of Theorem 1.1 is contained in Section 3. Section 4 contains a general theorem about 1-relator groups, which is motivated by Conjecture 1.4. The final section contains some general discussion about 1-relator groups and Conjecture 1.4.
We wish to thank Tao Li for a useful conversation, and Ilya Kapovich for help with the references.
Background
Brown's criterion Given a 1-relator group G =< x 1 , ..., x n |w >, and a surjection φ : G→Z. We shall describe a criterion, due to Brown, for determining if ker(φ) is finitely generated.
Suppose that the exponent sum on x 1 in w is zero. This can always be arranged, by applying an appropriate free group automorphism to w (see Lemma 3.1). If n = 2, then ker(φ) is generated by {y i,j = x i 1 x j x −i 1 }, and we have w = Πy λ j ,µ j , for some finite sequence of integers (λ j ). The following is proved in [B] .
Theorem 2.1. (Brown) Ker(φ) is finitely generated if and only if n = 2, and (λ j ) has a unique minimum and maximum.
This result follows from Theorem 4.2 (and the discussion imediately preceding it) in [B] . The proof is an application of the Freiheitsatz (Theorem 2.2 below).
Remark: Proposition 2.1 provides another method of showing that certain 1-relator groups are not 3-manifold groups. Suppose G is as above, and that the sequence (λ j ) has i. a unique maximum (resp. minimum) and ii. a repeated minimum (resp. maximum). Then G is not the fundamental group of a compact, orientable 3-manifold.
Indeed, if G = π 1 M for a compact, orientable 3-manifold M , then the cover M corresponding to ker(φ) has two ends. Assumption i. implies that one of the ends has a finitely generated group. Thus by an argument of Stallings (proof of Theorem 2 of [S] ), M is fibered, and so ker(φ) is finitely generated. But, by assumption ii and Proposition 2.1, Ker(φ) is not finitely generated, for a contradiction.
For example, this argument shows that a Baumslag-Solitar group of the type < x 1 , x 2 |x 2 x 1 x
1 > is not the fundamental group of a compact, orientable 3-manifold if |p| > 1-a special case of a well-known result of Jaco [J] .
Magnus's Freiheitsatz
One of the fundamental results about 1-relator groups is the following:
.., x n |w >, and let X ⊂ {x 1 , ..., x n }. Suppose that w involves some x i which is not in X. Then X freely generates a free subgroup of G.
For a proof, see, for example, [LS] .
Uniqueness of the relator
The following result is Proposition 5.8 in [LS] In particular, if one fixes a generating set for a 1-relator group, then the relator is determined, up to conjugacy and inverse.
The Moldavansky Splitting
Suppose that G =< x 1 , ..., x n |w >, where the exponent sum of x 1 on w is zero. We shall now explain a method, due to Moldavansky, of representing G as an HNN-extension, with a 1-relator vertex group. Further details of the construction are given in [MS] .
Let us represent G as the fundamental group of a 2-complex K, consisting of a bouquet of n circles, with a single 2-handle attached, according to the word w. Let φ : G→Z be the homomorphism which sends any word to the exponent sum of x 1 . Then ker(φ) corresponds to an infinite cyclic cover K→K, as pictured in Fig. 1 , and π 1 K = Ker(φ) is generated by elements of the form
1 , for i ∈ Z and 2 ≤ j ≤ n. Let θ : K→ K be the covering transformation corresponding to the element x 1 .
Let ℓ : S 1 →K be the attaching map of the 2-handle, and let ℓ : S 1 → K be a lift. Then ℓ represents some word w, in the generators y i,j . We may choose the lift so that the i-coordinates of the y i,j 's involved in w range from 0 to m.
Consider the connected sub-complexK of K which contains the lifted 2-handle, and the 1-cells corresponding to {y i,j : 0 ≤ i ≤ m, 2 ≤ j ≤ n}. Then K =K/(x ≡ θx), and this gives G the structure of an HNN-extension (see Fig. 1 ). Proceeding algebraically now, consider the presentation:
Then, by mapping t to x 1 and y i,j to x i 1 x j x −i 1 , one may check that this is a presentation of G.
Now, let G v be the following 1-relator group:
and let G e be a free group:
(We have abused notation by re-using the symbol y i,j .) Define maps i ± : G e →G v , by i + y i,j = y i,j , and i − y i,j = y i+1,j . By Theorem 2.2, these are both injections. Thus the presentation ( * ) expresses G as an HNN-extension with vertex group G v , and edge group G e . For an illustration, suppose that
1 >. Then G is an HNNextension, with vertex group G v =< y 0,1 , y 1,1 , y 2,1 |y 0,1 y 2 1,1 y 3 2,1 >, edge group G e =< y 0,1 , y 1,1 >, and inclusions i + : G e →G v , sending y i,j →y i,j and i − : G e →G v , sending y 1,1 →y 2,1 and y 2,1 →y 3,1 .
Heegaard splittings of bundles
Suppose M is a fibered 3-manifold, with a fiber F , which is a compact surface with nonempty boundary, and monodromy f : F →F . Let {x 1 , ..., x n } be a free generating set for π 1 F , represented by a collection of embedded loops in F , meeting at a single point. Then π 1 M has an HNN presentation:
We have the following fact.
Lemma 2.4. The presentation ( * * ) for π 1 M is induced by a Heegaard splitting of M .
Proof. Let F 1 and F 2 be disjoint fibers in M . Let α be an arc, whose interior is disjoint from F 1 ∪ F 2 , with one endpoint in F 1 and the other endpoint in F 2 . Let S be the boundary of a regular neighborhood of 
Then we may form a new Heegaard surface for M by compressing ∂ + W along E. We say that the resulting Heegaard splitting is a destabilization of (W, W ′ ).
Modifying group presentations
Suppose P =< X|R > is a presentation for a group G, where X = {x 1 , ..., x m } and R = {r 1 , ..., r n }. One may obtain a new generating set by applying a free group automorphism to the x i 's. We say that the resulting presentations are Nielsen equivalent.
For example, if r = s, and 1 ≤ r, s ≤ m, let τ rs : F (x 1 , ..., x m )→F (x 1 , ..., x m ) be the automorphism satisfying τ rs x r = x r x s , and τ rs x i = x i if i = r.
Letx i = τ rs x i , and letr i be the word obtained from r i , by replacing x r withx rx −1 s and x i withx i , for i = r. Then P =<x 1 , ...,x m |r 1 , ...,r n > is a presentation for G.
i , and stabilizes all the other generators. In this case, the new presentation for G is obtained from P by exchanging x i and x −1 i in all the relators r 1 , ..., r n . The automorphisms τ rs and τ i are called Nielsen transformations of F (x 1 , ..., x m ). The operation which a Nielsen transformation induces on a group presentation is called a Nielsen move.
Proposition 2.5. The Nielsen transformations generate Aut(F (x 1 , ..., x m )). In particular, if P is Nielsen equivalent to P , then P may be obtained from P by a sequence of Nielsen moves.
For a proof see [LS] , Chapter I, Proposition 4.1.
In addition to the Nielsen moves, it will be convenient to define a Special Tietze Move to be one of the following operations on P :
1. Add a new element x ′ to X, and also add x ′ to R.
2. Suppose that some relator r has the form r = x −1 w, where x ∈ X and w is a word which does not involve x. Then remove x from X, remove r from R, and, wherever x appears in any relator r ′ ∈ R, replace it with w.
Suppose that P is a presentation for π 1 M induced by a Heegaard splitting (W, W ′ ) of M , where W is a handlebody. By [G] , any automorphism of π 1 W is induced by a handlebody automorphism. Thus, any presentation P which is obtained from P by a Nielsen move, is induced by the splitting (W, W ′ ).
If we stabilize (W, W ′ ), we induce a new presentation, which is obtained from P by a Type 1 move. A destabilization of the splitting will induce a presentation, which (one may verify) is obtained from P by a sequence of Nielsen moves and a Type 2 move. Converse statements also hold: any Type 1 or Type 2 move on P is induced by a stabilization or destabilization of the Heegaard splitting.
Finally, we need the fact that Nielsen moves can be realized geometrically. The proof of the following proposition may be found in [G] .
3 Proof of Theorem 1.1
for some compact, orientable, fibered 3-manifold M . The first step is to put the word w into a standard form. We let e i (w) denote the exponent sum of the letter x i in the word w. We may assume that n ≥ 2, for otherwise G ∼ = Z and w = id, so M is either S 2 × S 1 or D 2 × S 1 , and the presentation is induced by a genus 1 Heegaard splitting of M . Since M is fibered, there is a map φ : G→Z with finitely generated kernel, and so, by Theorem 2.1, we may assume that n = 2, and the given presentation has the form:
Suppose that w is primitive. Then (by Proposition 2.6), w is geometric, and
, and the presentation is induced by a Heegaard splitting of M . So assume, from now on, that w is non-primitive.
Lemma 3.1. There is an automorphism θ of the free group on x 1 , x 2 , such that φ(θ(x 1 )) = 0, φ(θx 2 ) = 1.
Proof. Let φx 1 = α and φx 2 = β. Let σ be the Nielsen transformation which stabilizes x 2 , and satisfies σx 1 = x 1 x 2 . Let τ be the Nielsen transformation which stabilizes x 1 , and satisfies τ (x 2 ) = x 2 x 1 . We have:
Thus by applying the Euclidean algorithm to (α, β), we may find an automorphism θ, such that φ(θx 1 ) = 0, and φ(θx 2 ) = ±1. Replacing x 2 with x −1 2 if necessary, we have φ(θx 2 ) = 1.
♦
We now return to the proof of Theorem 1.1. Let θ be the automorphism given by Lemma 3.1. By Proposition 2.6, the presentation < x 1 , x 2 |w > is induced by a Heegaard splitting of M if and only if the presentation < x 1 , x 2 |θ(w) > is induced by a Heegaard splitting of M . Thus we may replace w with θ(w), and so assume that φ(x 1 ) = 0 and φ(x 2 ) = 1.
2 . Since φ(w) = 0, then we can represent the word w in the free group F (x 1 , x 2 ) as a product of y i 's: i.e. w = y r 1 ...y r k . Replacing w by a conjugate, we may assume that M in{r 1 , .., r k } = 0, and we let n = M ax{r 1 , ..., r k }. Then w = w 2 (y 0 , ..., y n ), for some word w 2 . Since φ has finitely generated kernel, then by Proposition 2.1, the letters y 0 and y n appear only once each in the word w 2 . In particular, the word w 2 is primitive. Since w is non-primitive, we must have n ≥ 1.
As explained in the previous section, the 1-relator group G has a Moldavansky splitting. In our case, the splitting has the following structure: the vertex group is G v =< y 0 , ..., y n |w 2 >⊂ G; the stable letter is t = x 2 ; the edge group is G e =< y 0 , ..., y n−1 >⊂ G. The inclusion maps are:
This splitting is represented by a triple S = (G v , G e , t). Since y n appears only once in w 2 , then in fact G v = G e , and the splitting S decomposes G as a mapping torus of a free group automorphism ψ : G e →G e . In particular, we have that G e = Ker(φ).
If F ⊂ M is a non-separating incompressible surface, with dual loop ℓ, we let F + and F − be the corresponding subsurfaces of ∂(M − F ). Let p = ℓ ∩ F be a base-point for π 1 F , and let p ± be the pre-images of p in ∂(M − F ). Let j + : π 1 (F + , p + )→π 1 (M − F , p + ) be the map induced by inclusion. We say that the splitting S is realized geometrically if F and ℓ can be chosen so that i
Claim:
The splitting S is realized geometrically.
Proof of claim:
The map φ : π 1 M →Z is dual to a fiber F , and the element t = x 2 is represented by a dual loop ℓ for F . Then j + * π 1 (F + , p + ) = ker(φ) = G e . Also, M − F ∼ = F × [0, 1], and so i * : (π 1 M − F , p + ) = G e = G v , as required.
We now wish to write down an explicit presentation for G, corresponding to the splitting S. First, we may conjugate and invert w 2 , if necessary, so that it has the form w 2 = y −1 n w 3 , for some word w 3 which does not involve y n . We may then eliminate the generator y n from our presentation for G v , obtaining the following presentation for π 1 M :
Our next task is to show that the presentation (2) is induced by a Heegaard splitting. By the claim, there is a fiber surface F in M , inducing the splitting S, and hence inducing the presentation (2). The difficulty is that, a priori, the given generators y 0 , ..., y n−1 of the fiber group may not be representable by embedded loops in F .
Let (W, W ′ ) be the genus n+1 splitting for M given by Lemma 2.4. Let D = {D 0 , ..., D n } and E = {E 0 , ..., E n−1 } be disk systems for W and W ′ , respectively, inducing a presentation of the following form:
(So y i is dual to D i for i ≤ n − 1, and s is dual to D n .) Since s and t are both represented by loops which are dual to F , then s = tu for some u ∈ i * π 1 F . It follows that f * is the composition of ψ with an inner automorphism. Thus there is a fiber-preserving automorphism of M which takes the presentation (3) to:
n−1 > . Thus presentation (4) is induced by a Heegaard splitting, which we still refer to as (W, W ′ ). We also replace the disk systems {D i } and {E i } with their images under the automorphism.
Since y 0 , ..., y n−1 and z 0 , ..., z n−1 are both free bases for i * π 1 F , then by Proposition 2.5 there is a sequence of Nielsen transformations taking z 0 , ..., z n−1 to y 0 , ..., y n−1 . Suppose the first such move sends z i to z i z j , and stabilizes all the other generators. Then the corresponding Nielsen move, applied to presentation (4), gives:
We now perform a Tietze transformation, multiplying (a conjugate of) the ith relation by (a conjugate of) the jth relation, to obtain the following presentation:
To perform this move geometrically, we connect the ith disk E i to E j , by an (immersed) arc α, disjoint from all the disks D 1 , ..., D n . Then we attach a regular neighborhood of α to E i and E j , obtaining an immersed disk whose boundary represents the relator tz i t −1 ψz −1
i . Continuing, we may change the presentation (4) to the presentation (2), and we see that the relators R 0 , ..., R n−1 of (2) 
Claim:
The circle ∂E * 0 meets ∂D 0 in a single point.
Proof of claim: We have |∂E
Then the word w * contains no occurrence of the letter y 0 . Since w * represents the trivial element in π 1 M , the exponent sum of t in w * must be zero. Thus we see that w * is either trivial, or else conjugate to y ±1 1 . The latter case is impossible, since the element y 1 is contained in a basis for the free group π 1 F . So w * is the trivial word. But then there is a reducing sphere S for (W, W ′ ) which is disjoint from all the disks D 0 , ..., D n ; therefore some non-empty subset of the generators y 0 , ..., y n−1 , t must be trivial in π 1 M . This is impossible, since {y 0 , ..., y n−1 } is a basis for the free group π 1 F . This proves the claim.
Let C be the boundary of a regular neighborhood of ∂D 0 ∪ ∂E * 0 . Then C bounds a disk in W and in W ′ , so there is a sphere S in M such that S ∩ ∂W = C. Reducing the splitting (W, W ′ ) along S, we obtain a new splitting (Z, Z ′ ). This changes presentation (2) by a Type II move, yielding:
where the generators correspond to generators of Z, and where w 4 is a word in y 1 , ..., y n−1 . One may also check that the relations of (5) are represented by immersed disks in Z ′ , obtained by pushing the immersed disks E † i off of the reducing sphere. Repeating the argument, we may reduce the Heegaard splitting (W, W ′ ) to a splitting (Z, Z ′ ), where genus(Z) = 2, and π 1 Z is generated by y n−1 = x n−1 2
Applying an automorphism of the handlebody Z, we may take the generators of π 1 Z to be x 1 , x 2 , and then the Heegaard splitting (Z, Z ′ ) determines a 1-relator presentation:
where w is a geometric word. Comparing the presentation (6) with the original presentation (1), and applying Theorem 2.3, we see that w is conjugate to w or w −1 in the free group < x 1 , x 2 >. Therefore w is geometric, and the given presentation (1) is induced by a Heegaard splitting of M .
Hierarchies for 1-relator groups
It was observed in [K] that 1-relator groups and Haken 3-manifolds share some common features. In this section, we shall make the analogy explicit, showing that every 1-relator group possesses a "1-relator hierarchy".
Let G be a 1-relator group. We define a 1-relator hierarchy for G to be a finite sequence  of 1-relator groups G 1 , G 2 , . .., G n , such that G 1 ∼ = G, G n is cyclic, and G i splits as an HNN-extension with vertex group G i−1 .
Theorem 4.1. Let G be a 1-relator group. Then G has a 1-relator hierarchy. Proof. The proof is by a "tower argument", similar in spirit to the proof of Dehn's Lemma. First we require some terminology. By a loop in a surface S, we understand an immersion from a circle into S. A loop in S is essential if it cannot be homotoped into ∂S. A loop in S is said to fill S if the complement of its image contains no essential loops.
Given a 1-relator group G 1 =< x 1,1 , ..., x 1,n 1 |w 1 >, with n 1 ≥ 2. We view the free group on x 1,1 , ..., x 1,n 1 as π 1 S 1 , for some compact surface S 1 , where the x i 's are represented by embedded loops meeting in a single point.
The word w 1 is represented by an immersed loop ℓ 1 ⊂ S 1 , and if w 1 is cyclically reduced, we may take ℓ 1 to minimize the number of self-interections in its free homotopy class.
Case 1: The loop ℓ 1 does not fill S 1 .
In this case, there is an automorphism θ : S 1 →S 1 , such that some generator x 1,i does not appear in w 1 . After re-labeling, we may assume that the missing generator is x 1,1 . We choose such a θ, and we replace the presentation < x 1,1 ..., x 1,n 1 |w 1 > with the presentation < x 1,1 , ..., x 1,n 1 |θ * (w 1 ) >, which defines an isomorphic group. We also replace ℓ 1 with θ(ℓ 1 ).
The group G 1 then splits as a free product G 1 ∼ = G 2 * < x 1,1 >. We relabel the ordered list (x 1,2 , ..., x 1,n 1 ) by the ordered list (x 2,1 , ..., x 2,n 2 ), and let w 2 be the result of re-labeling θ(w 1 ). Then we have G 2 ∼ =< x 2,1 , ..., x 2,n 2 |w 2 >, where n 2 = n 1 − 1. We view this free product as an HNN-extension, with trivial edge groups.
There is a sub-surface S 2 ⊂ S 1 , such that
The word w 2 is represented by a loop ℓ 2 ⊂ S 2 . In fact, in this case, we may choose ℓ 2 = ℓ 1 .
Case 2: The loop ℓ 1 fills S 1 .
Since b 1 (S 1 ) ≥ 2, there is a map φ : G 1 →Z, such that w 1 ∈ Ker(φ). By changing the generators of π 1 S, and re-writing w 1 in terms of the new generators, we may assume that φ is the exponent-sum function e x 1,1 . Corresponding to the homomorphism e x 1,1 : G 1 →Z, there is an infinite cyclic cover S 1 →S 1 . Let τ : S 1 → S 1 be the corresponding covering transformation. Let D ⊂ S 1 be a compact fundamental domain for the action of τ . Let k 1 be minimal such that the surface S 2 = D ∪ tD ∪ ... ∪ t k 1 D contains a lift of ℓ 1 . We have:
We may choose these generators so they are represented by embedded loops in S 2 , meeting at a single point. We label the elements of this list consecutively as (x 2,1 , ..., x 2,n 2 ). Then we see (as in Section 2) that G 1 is an HNN-extension with vertex group G 2 =< x 2,1 , ..., x 2,n 2 |w 2 >, for some word w 2 , represented by a loop ℓ 2 ⊂ S 2 , which is a lift of ℓ 1 . The edge group is the free group F (r 2 ), where r 2 = (n 1 − 1)k 1 , and the images of the edge group are generated by {x 2,1 , ..., x 2,r 2 } and {x 2,n 1 , ..., x 2,n 2 }, respectively. By the Freiheitsatz, these are in fact free subgroups of G 2 .
Suppose that by the above procedure we have constructed a splitting of G 1 , with vertex group G 2 =< x 2,1 , ..., x 2,n 2 |w 2 >, where G 2 is represented by a loop ℓ 2 in a surface S 2 . If n 2 ≥ 2, we may apply the above process to G 2 . Continuing, we obtain a sequence of 1-relator groups G 1 , G 2 , ..., where G i =< x i,1 , ..., x i,n i |w i >, and G i is a vertex group for G i−1 . The sequence terminates at G k if and only if n k = 1.
Topologically, for each i we have surfaces S i and S i , (where possibly S i = S i ) so that S i+1 is a subsurface of S i . We also have a loop ℓ i ⊂ S i representing the word w i , such that ℓ i+1 is a homeomorphic lift of ℓ i .
Claim:
The sequence G 1 , G 2 , ... terminates after finitely many steps.
Proof of claim:
Note that when a curve is lifted to a finite cover, the number of self-intersections can never go up. Therefore the number of self-intersections of ℓ i+1 is less than or equal to the number of self-intersections of ℓ i for all i. Thus if the sequence G 1 , G 2 , ... is infinite, then the sequence ℓ 1 , ℓ 2 , ... must contain infinitely many consecutive terms for which the number of self-intersections remains constant. We claim that this is impossible.
Indeed, suppose the number of self-intersections of ℓ i+1 is the same as the number of self-intersections of ℓ i , and suppose that ℓ i+1 ⊂ S i+1 is constructed as in Case 2. Then the lifts of ℓ i to S i are all disjoint. Let C be the boundary of a regular neighborhood of one of these lifts in S i . Since each lift of ℓ i is essential, and since no lift of ℓ i fills S i , then some component of C must be essential. Thus C projects to a collection of loops in S i , which are disjoint from ℓ i , at least one of which must be essential. Thus ℓ i does not fill S i . Therefore, G i+1 is constructed from G i as in Case 1, and so n i+1 = n i − 1.
Similarly, if the number of self-intersections of ℓ i , ..., ℓ i+k are all the same, then n i+k = n i − k. Thus if the sequence of G i 's is infinite, we arrive at a contradiction. ♦ 5 Concluding remarks
On 1-relator groups
Often, facts about 1-relator groups are proved by induction on the length of the relator. Proofs break into two cases: if G =< x 1 , ..., x n |w >, and the word w has zero exponent sum on one of its letters, then G ∼ = G 2 * t , where G 2 is a 1-relator group, whose relator is shorter than the relator of G. One may then apply the induction hypothesis and the HNN structure to prove things about G.
If w does not have this form, one shows that G embeds nicely in a certain 1-relator group G, with G ∼ = G 2 * t ; where G 2 is a 1-relator group, whose relator is shorter than w. One may then apply the induction hypothesis to G 2 , and attempt to transfer this information to G.
Theorem 4.1 makes it possible to prove facts about 1-relator groups by inducting, instead, on the length of a hierarchy. This allows one to avoid the embedding step, and give proofs which are, to a 3-manifold topologist, more intuitive.
On Conjecture 1.4
Our main motivation for presenting Proposition 4.1 is provided by Conjecture 1.4. The standard method for 1-relator groups appears problematic in this case, since there is no guarantee that the embedding step can be performed geometrically. Proposition 4.1 gives hope that the conjecture might be approachable by inducting, instead, on the length of a hierarchy.
However, the proof given for the fibered case does not directly generalize. Indeed, a key point in the proof of Theorem 1.1 is that if M is fibered, then the Moldavansky splitting is realized geometrically. But, in general, it is not true that the Moldavansky splitting of a 1-relator 3-manifold group is geometric.
Let M be the manifold M 017 in the Snappea census. Then the presentation 2 x 2 1 x 2 x 2 1 (x 3 1 x 2 x 2 1 ) 3 . Thus [λ] has order 7 in H 1 (M, Z) ∼ = Z × Z/7. It follows that any non-separating surface in M must have at least seven boundary components, and thus have a fundamental group of rank at least 6. However, for this example, the Moldavansky edge group has rank 2.
